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Abstract
A variational theory is established for the nonlinear Schrödinger equation using He’s semi-inverse method. On the basis of the
variational principle obtained, a solitary solution is obtained, which is the same as Debnath’s result [L. Debnath, Nonlinear Partial
Differential Equations for Scientists and Engineers, Birkhauser, Boston, 1997], confirming the validity of our analysis. The method
is straightforward and concise.
c© 2007 Elsevier Ltd. All rights reserved.
Keywords: Variational principles; Semi-inverse method; Schödinger equation
1. Introduction
The search for the exact traveling wave solutions to nonlinear disperse wave systems plays an important role in
the study of nonlinear physical phenomena. The wave phenomena are observed in elastic media, fluid dynamics,
optic fibers, plasma, etc. In the past few decades, many methods have been suggested for searching for traveling
wave solutions for various nonlinear wave equations, e.g., Backlund transformation [1,2], Hirota’s method [3], the
inverse scattering method [4,5], the extended tanh method [6,7], the Adomian method [8–10], Lindstedt–Poincaré
methods [11–16], the homotopy perturbation method [17–25], the exp function method [26,27], the F-expansion
method [28] and others [29–37]. A complete review on the field is available in the comprehensive book by He [38]
and in the review paper [39].
In this paper, we will consider the well known Schrödinger (NLS) equation in the standard form:
iψt + ψxx + γ |ψ |2ψ = 0, −∞ < x <∞, t > 0 (1)
to study the solitary wave solution.
Debnath [40] gave the solitary wave solution of Eq. (1) in the form
f (X) =
(
2α
γ
) 1
2
sech
[√
α(x −Ut)] . (2)
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But the derivation of this solution involves the use of the elliptic integral of first kind and the solution is expressed
in terms of the Jacobian elliptic function, which is rather heavy and cumbersome mathematically. It is also important
to note that the solitary waves exist only for the unstable case (γ > 0).
The aim of this paper is to apply the semi-inverse method introduced by He [41,42] to find a solitary wave solution
for the Schrödinger (NLS) equation which is straightforward and concise.
2. Semi-inverse method
In the past few decades, qualitative analysis together with ingenious mathematical techniques for handling various
nonlinear problems has been studied. Among them the semi-inverse method [41–43] is a powerful and effective
method for searching for variational principles for physical problems and provides physical insight into the nature of
the solution of problem. It should be pointed out that Refs. [39,40] first applied the following method to search for
solitary solutions for the KdV equation.
As an illustrative example, we consider the Schrödinger (NLS) equation (1). We seek its traveling wave solution
by assuming the solution in the following frame:
ψ = f (X)ei(mX−nt), X = x −Ut (3)
for some function f and constant wave speed U to be further determined, where m, n are constants.
Substitution of Eq. (3) into Eq. (1) gives
f ′′ + i(2m −U ) f ′ + (n − m2) f + γ | f |2 f = 0. (4)
We eliminate f ′ by setting 2m −U = 0, and then write n = m2 − α, so that f can be assumed real. Thus, Eq. (4)
becomes
f ′′ − α f + γ f 3 = 0. (5)
By the semi-inverse method [41,42], the following variational formulation is established:
J =
∫ ∞
0
[(
1
2
)
( f ′)2 + α f
2
2
− 1
4
γ f 4
]
dX. (6)
By the Ritz method, we search for a solitary wave solution in the form
f = p sech(qX) (7)
where p and q are constants to be further determined.
Substituting Eq. (7) into Eq. (6) results in
J =
∫ ∞
0
[
−1
4
γ (p sech(qX))4 + α
2
(p sech(qX))2 + 1
2
(p2q2 sech2(qX)). tanh2(qX)
]
dX (8)
= −γ
4
p4
∫ ∞
0
sech4(qX)dX + α
2
p2
∫ ∞
0
sech2(qX)dX + 1
2
p2q2
∫ ∞
0
sech2(qX). tanh2(qX)dX (9)
= −γ p
4
6q
+ αp
2
2q
+ p
2q
6
. (10)
Making J stationary with respect to p and q results in
∂ J
∂p
= −2γ p
3
3q
+ αp
q
+ pq
3
= 0
∂ J
∂q
= γ p
4
6q2
− αp
2
2q2
+ p
2
6
= 0
(11)
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or
3α − 2γ p2 + q2 = 0 (12)
−3α + γ p2 + q2 = 0. (13)
From Eqs. (12) and (13), we can easily obtain the following relations:
p =
(
2α
γ
)1/2
, q = √α. (14)
So the solitary wave solution can be approximated as
f (X) =
(
2α
γ
)1/2
. sech
(√
αX
)
. (15)
This is exactly the same as the previous result in (2). By using Eq. (3), the solitary wave solution of Schrödinger
(NLS) Eq. (1) is found to be
Ψ = ej(mx−nt).
{(
2α
γ
)1/2
. sech
(√
α(x −Ut))} . (16)
3. Conclusion
In this paper, the semi-inverse method has been tested by applying it successfully to the Schrödinger (NLS)
equation. The most interesting feature of the method, compared with the solution of Debnath [40], is the
straightforwardness and the conciseness. Moreover, we mention that it is a promising and powerful method for
addressing other nonlinear evaluation equations in mathematical physics.
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